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The interaction of a discrete state coupled to a continuum is a longstanding problem of
major interest in different areas of quantum and classical physics. In Hermitian mod-
els, several dynamical decoupling schemes have been suggested, in which the discrete-
continuum interaction can be substantially reduced and even suppressed. In this work
we consider a discrete state interacting with a continuum via a time-dependent non-
Hermitian coupling with finite (albeit arbitrarily long) duration, and show rather gen-
erally that for a wide class of coupling temporal shapes, in which the real and imagi-
nary parts of the coupling are related each other by a Hilbert transform, the discrete
state returns to its initial condition after the interaction with the continuum, while the
continuum keeps trace of the interaction. Such a behavior, which does not have any
counterpart in Hermitian dynamics, can be referred to as non-Hermitian pseudo decou-
pling. Non-Hermitian pseudo decoupling is illustrated by considering a non-Hermitian
extension of the Fano-Anderson model in a one-dimensional tight-binding lattice. Scuh a
non-Hermitian model can describe, for example, photonic hopping dynamics in a tight-
binding chain of optical microrings or resonators, in which non-Hermitian coupling can
be realized by fast modulation of the real and imaginary (gain/loss) parts of the refractive
index of the edge microring.
Keywords: Non-Hermitian dynamics; photonic transport; PT -symmetry in optics; quan-
tum control
1. Introduction
The coupling of a discrete (bound) state with a continuum is a fundamental pro-
cess found in different areas of physics, ranging from quantum mechanics 1,2,3,4
to statistical physics 5,6,7,8,9,10,11, atomic and molecular physics 12,13,14,15, op-
tics 16,17,18,19, quantum thermodynamics 20 and cosmology 21,22,23 to mention
a few. In quantum physics, discrete-continuum coupling is responsible for quantum
mechanical decay and decoherence, whereas in optics it is responsible for important
effects such as radiation losses in integrated photonic circuits. The ability of con-
trolling and even suppressing the discrete-continuum coupling has attracted great
interest for both fundamental aspects and practical applications. For example, in
quantum physics it is known that the decay of a metastable state can be slowed
down (Zeno effect) or accelerated (anti-Zeno effect) by frequent observations of the
system 24,25,26,27,28,29,30,31,32. Other dynamical methods, which do not require
1
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observation of the system, include the ”bang-bang” control scheme, based on very
rapidly and strongly driving pulses 33,34,35,36, and the periodic modulation of the
coupling to the continuum 37,38. Dynamical decoupling methods can be applied to
control macroscopic quantum tunneling 38,39 and to tailor evanescent coupling of
light in coupled optical structures 40. Quantum Zeno and anti-Zeno effects and their
classical analogues have been studied and observed in many different physical se-
tups such as cold atoms and Bose-Einstein condensates 41,42,43,44, superconducting
qubits 45, spin systems 46, nuclear magnetic resonance systems 47, classical optical
systems 48,49,50,51,52,53 and cavity quantum electrodynamics 54,55,56.
In such previous studies, the problem of discrete-continuum decoupling has been
mostly considered in the framework of Hermitian systems, where the Hamiltonian
Hˆ of the full system is an Hermitian operator. However, a rapidly growing interest
is currently devoted to study the dynamics of non-Hermitian quantum and classical
systems 57,58, especially those possessing parity-time (PT ) symmetry 59. Non-
Hermitian Hamiltonians are generally introduced as effective models to describe
open systems, where energy (particles) can be feed into (or extracted from) the
system. For example, in models of inelastic nuclear scattering theory 60,61 nuclear
absorption is phenomenologically included in the analysis by the introduction of
a fictitious imaginary scattering potential, the so-called optical potential, whereas
imaginary potentials that act as source and sink for carriers are introduced in non-
Hermitian models of mesoscopic quantum transport 62,63,64. Similarly, imaginary
potentials are used in non-Hermitian extensions of Bose-Hubbard models and of the
Gross-Pitaevskii equation to describe the mean-field dynamics of a Bose-Einstein
condensate with particle loss and particle gain 65,66,67,68. In optics, light propaga-
tion in dielectric media with spatial regions of optical loss and gain are described by
non-Hermitian Hamiltonians 69,70. Recent works investigated theoretically the dy-
namics of a discrete state coupled to a continuum in the framework of non-Hermitian
Hamiltonian models 71,72,73,74,75,76,77, predicting the existence of bound states
either outside or embedded into the continuum 71,72,73,74,75 and the suppression
of decay for a bound state with an energy embedded in an unstable continuum 77.
In this work we disclose some peculiar features of non-Hermitian dynamics that
arise when a discrete state interacts for a finite time with a continuum of states
via a non-Hermitian coupling, and predict a novel effect which is impossible to ob-
serve in the ordinary Hermitian dynamics and that we call non-Hermitian pseudo-
decoupling. Non-Hermitian couplings have been introduced in a few foundational or
effective Hamiltonian models in different areas of physics 59,78,79,80,81. In partic-
ular, non-Hermitian couplings have been used to describe a PT -symmetric exten-
sion of the Lee model in the ghost regime 59,78,79, non-Hermitian Bose-Hubbard
Hamiltonians 80, and PT -symmetric extensions of the Jaynes-Cumming model 81.
Effective models that yield non-Hermitian couplings are also encountered in the
theory of the inverted quantum oscillators and quantum amplifiers 82,83 and in-
troduced in several other systems 84,85,86,87,88,89,90,91. In particular, engineered
optical structures where photonic transport arises from evanescent field coupling
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can be tailored to simulate an effective non-Hermitian interaction between a dis-
crete state (such as an optical resonator or waveguide) with a continuum of states
(such as a chain of optical resonators, a waveguide array, a slab waveguide or a
photonic crystal) 92,93. Here we consider a time-varying non-Hermitian coupling
of a discrete state with a continuum of states and show that for a wide class of
coupling temporal shapes, in which the real and imaginary parts are related each
other by a Hilbert transform (Kramers-Kronig relations), the discrete state returns
to its initial condition after the interaction, while some excitation is left in the con-
tinuum thus keeping memory of the interaction. Such a phenomenon, which does
not have any counterpart in a norm-conserving Hermitian system, can be referred
to as non-Hermitian pseudo decoupling, since the interaction is fully invisible for the
discrete state, i.e. it is effectively decoupled form the continuum as if the interac-
tion had not occured, but not for the continuum, for which the interaction changes
its initial state. The effect is illustrated by considering a paradigmatic model of a
discrete state coupled to a tight-binding continuum, namely photonic transport in
a non-Hermitian extension of the Fano-Anderson model. This model can be physi-
cally realized by a semi-infinite tight-binding optical lattice with on-site oscillating
gain/loss at the edge site of the lattice.
The paper is organized as follows. In Sec.2 the model describing the dynamics
of a discrete state coupled to a continuum via a time-dependent non-Hermitian
coupling is introducedl, and an extension of the Fermi golden rule in the weak-
coupling (Markovian) limit is derived, indicating the possibility of observing an
effective pseudo decoupling whenever the non-Hermitian interaction has a vanishing
effective interaction time. Pseudo decoupling is rigorously proven in Sec.3 beyond
the weak-coupling approximation and illustrated for photonic transport in a tight-
binding realization of the non-Hermitian Fano-Anderson model in Sec.4. Finally,
the main conclusions are outlined in Sec.5.
2. Coupling of a discrete state with a continuum via a
time-dependent non-Hermitian interaction
2.1. The model
Let us consider the interaction of a discrete (normalizable) state |a〉 with a con-
tinuum |ω〉 of states [Fig.1(a)], which is described rather generally by the Fano-
Anderson Hamiltonian
Hˆ = ωa|a〉〈a|+
∫
dωω|ω〉〈ω| (1)
+ f(t)
∫
{g(ω)|a〉〈ω|+ g∗(ω)|ω〉〈a|}
where ωa and ω are the (real) bare frequencies of states |a〉 and |ω〉, respectively,
〈ω|ω′〉 = δ(ω − ω′), 〈a|a〉 = 1, 〈a|ω〉 = 0, g(ω) is the spectral coupling function,
and f(t) describes the time-dependent strength of the interaction. We will typically
September 4, 2018 13:39 WSPC/INSTRUCTION FILE BA
4 Stefano Longhi
assume a spectral function g(ω) bounded from below, with g(ωa) 6= 0, and a finite
interaction time, i.e. we assume f(t) → 0 as t → ±∞. The Hamiltonian (1) can
describe, for example, photonic transport of a localized mode in an optical waveguide
or resonator |a〉 which is side coupled to a continuum of states |ω〉 represented by
an array of optical waveguides, a photonic crystal or a slab waveguide 92,93. For
the system initially prepared in state |a〉, the population (photon energy) left in
the localized mode |a〉 after the interaction with the continuum is then defined by
Ps = limt→∞ |〈a|ψ(t)〉|
2. Here we assume a non-Hermitian coupling by allowing
the function f(t) to become complex, i.e. with a non-vanishing imaginary part. In
this case, the total population (photon number) of the system N = |〈a|ψ(t)〉|2 +∫
dω|〈ω|ψ(t)〉|2 is not conserved, because photons can be created or annihilated
during the discrete-continuum coupling by the gain/loss in the system that are
needed to realize the non-Hermitian coupling (see Sec.4.2 for a detailed discussion
on this point). A pseudo decoupling of the discrete state with the continuum is
attained whenever Ps = 1, i.e. after the interaction the discrete state returns to
its initial condition, as if the interaction were not occurred at all. While in the
Hermitian limit the decoupling condition Ps = 1 can be realized only approximately
and under special conditions, we will show here that decoupling can be obtained
for a broad class of complex coupling functions f(t). However, in the latter case the
decoupling is imperfect, i.e. while after the interaction the discrete state returns to
its initial condition, as if the interaction had not occurred, some excitation is left in
the continuum, which keeps memory of the interaction. Such a pseudo-decoupling
is a clear signature of non-Hermitian dynamics and it is prevented for an Hermitian
coupling owing to population (photon energy) conservation.
If the state vector |ψ(t)〉 of the system is decomposed as
|ψ(t)〉 =
[
ca(t)|a〉+
∫
dωc(ω, t)|ω〉
]
exp(−iωat) (2)
from the equation i∂t|ψ(t)〉 = Hˆ |ψ(t)〉 we obtain the following evolution equations
for the modal amplitudes ca(t) and c(ω, t) in the discrete and continuum of states
i
dca
dt
= f(t)
∫
dωg(ω)c(ω, t) (3)
i
dc
dt
= (ω − ωa)c+ f(t)g
∗(ω)ca. (4)
For a system prepared at initial time t = −∞ in state |a〉, Eqs.(3) and (4) should
be integrated with the initial conditions
ca(−∞) = 1 , c(ω,−∞) = 0 (5)
and the final population of the discrete state is given by Ps = limt→∞ |ca(t)|
2.
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Fig. 1. (Color online) (a) Schematic of a discrete (bound) state |a〉 coupled to a continuum of
states |ω〉 with a time-dependent coupling strength f(t) and spectral function g(ω). (b) Schematic
of the photonic Fano-Anderson model realized by a site |a〉 side-coupled to a semi-infinite tight-
binding lattice. The sites in the lattice correspond to optical microrings or resonators with evanes-
cent mode coupling.
 0
 Im(t)
 Re(t)
 Γ
 t=ξ-iδ
 δ
Fig. 2. (Color online) Schematic showing the integration path of the coupled equations (3) and
(4) in complex t plane along the horizontal Γ line in the lower half part of the complex plane. The
coupling function f(t) is holomorphic in the Im(t) ≤ 0 half plane, with poles in the upper half
complex plane (filled circles).
2.2. Weak coupling and adiabatic interaction: decay rate and
Fermi golden rule
To highlight the main features of non-Hermitian coupling versus Hermitian one, let
us first restrict our analysis to the weak-coupling (Markovian) limit f(t)g(ω)→ 0. In
this case a generalized Fermi golden rule can be derived following a rather standard
procedure which is outlined, for instance, in Ref.37. After formal integration of
Eq.(4) with the initial condition c(ω,−∞) = 0, elimination of the amplitudes c(ω, t)
yields the following exact integro-differential equation for ca(t)
dca
dt
= −f(t)
∫ t
−∞
dt′f(t′)Φ(t− t′)ca(t
′) (6)
where Φ(τ) is the reservoir response (memory) function defined by
Φ(τ) =
∫
dω|g(ω)|2 exp[−i(ω − ωa)τ ]. (7)
The memory function Φ(τ) vanishes as τ →∞ with a characteristic time scale τm,
the memory time. For a weak coupling |f(t)g(ω)| ≪ 1/τm and for a coupling func-
tion f(t) that varies slowly over the memory time τm, Eq.(6) can be approximated
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with the differential equation
dca
dt
≃ −f2(t)(R − i∆)ca (8)
where we have set
R− i∆ ≡
∫
∞
0
dτΦ(τ), (9)
i.e.
R = pi|g(ωa)|
2 (10)
∆ = P
∫
dω|g(ω)|2
ω − ωa
(11)
and P denotes the principal value of the integral. Integration of Eq.(8) with the
initial condition ca(−∞) = 1 yields
ca(t) = exp
{
−(R− i∆)
∫ t
−∞
dt′f2(t′)
}
. (12)
Equation (12) provides an extension of the usual exponential decay law in the weak-
coupling (Markovian) limit to the case of a time-varying coupling strength f(t), R
and ∆ being the ordinary decay rate and frequency shift of the metastable |a〉 state.
The final population in state |a〉 after the interaction with the continuum reads
Ps = lim
t→∞
|ca(t)|
2 = exp {−2Re (RA− i∆A)} (13)
where we have set
A ≡
∫
∞
−∞
dtf2(t) (14)
as a definition of the effective interaction time.
In the Hermitian case, A is real and positive, so that the final population reads
Ps = exp(−2RA) (15)
Therefore, assuming that ωa is embedded into the continuous spectrum and that
decay into the continuum is allowed, i.e. g(ωa) 6= 0, one always has Ps < 1, i.e. there
is a nonvanishing probability of decay after interaction with the continuum.
For a non-Hermitian coupling, the function f(t) is complex and Ps can be even
become larger than one after the interaction. Interestingly, the effective interaction
time A can vanish, indicating that after interaction the state |a〉 returns to its initial
condition despite ωa is embedded into the continuous spectrum. Such a counterin-
tuitive result does not depend on the particular form of the spectral coupling g(ω)
and just requires A = 0, which can be satisfied by a broad class of complex coupling
functions f(t).
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3. Non-Hermitian pseudo decoupling
In the previous section we have shown that, in the Markovian (weak coupling)
limit, a discrete state |a〉 interacting with a continuum can return to its initial
condition after the interaction whenever the effective time A, defined by Eq.(14),
vanishes. While such a possibility is prevented for an Hermitian coupling, it is
possible for a broad class of non-Hermitian coupling functions f(t). In this section
we prove that, whenever the coupling function f(t) is analytic in the half lower
Im(t) ≤ 0 (or half upper Im(t) ≥ 0) complex plane, the discrete state |a〉 interacting
with the continuum |ω〉 can return to its initial state even for strong discrete-
continuum coupling and for a coupling function rapidly varying on the time scale of
the memory time τm. However, some excitation is generally left in the continuum
after the interaction, which thus keeps some memory of the interaction. Therefore,
non-Hermitian interaction realizes a discrete-continuum pseudo-decoupling.
For the sake of definiteness, we typically assume that the coupling function f(t) is
a meromorphic function, analytic in the half lower Im(t) ≤ 0 complex plane and
vanishing as |t| → ∞. For instance, any function of the form
f(t) =
∑
n
An
(t− tn)αn
(16)
satisfies such a requirement, where tn are the poles of f(t) in the upper half complex
plane [Im(tn) > 0], An are complex amplitudes, and the integer αn ≥ 1 is the order
of pole tn. Note that, since f(t) is analytic in a half part of the complex plane,
the real fR(t) and imaginary fI(t) parts of f(t) are related each other by a Hilbert
transform, i.e. by Kramers-Kronig relations.
At initial time t→ −∞, we assume ca(−∞) = 1 and c(ω,−∞) = 0, corresponding
to excitation of the discrete state and to an empty continuum. Since f(t) is analytic
in the half plane Im(t) ≤ 0, Eqs.(3) and (4) can be extended into the complex t plane
and the solution ca(t) and c(ω, t) can be analytically continued in the Im(t) ≤ 0
half plane. We wish to prove that ca(∞) = 1, i.e. after the interaction the discrete
state returns to its initial condition, corresponding to an effective decoupling to
the continuum. However, rather generally one has c(ω,∞) 6= 0, indicating that the
discrete-continnum decoupling is asymmetric and memory of the interaction is kept
in the continuum. To this aim, let us integrate Eqs.(3) and (4) along the horizontal
line Γ of the complex plane shown in Fig.2, t = ξ− iδ with δ > 0 and −∞ < ξ <∞.
The solution will depend parametrically on δ. Since f(ξ− iδ) vanishes as ξ → ±∞,
the solutions ca(δ, ξ) and c(ω, δ, ξ) to Eqs.(3) and (4) along the line Γ, corresponding
to occupation of the discrete state solely and to an empty continuum at ξ → −∞,
have the asymptotic behavior
ca(δ, ξ) ∼
{
1 ξ → −∞
A(δ) ξ →∞
(17)
c(δ, ω, ξ) ∼
{
0 ξ → −∞
B(δ, ω) exp[−i(ω − ωa)ξ] ξ →∞
(18)
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where A(δ) and B(δ, ω) are integration constants, independent of ξ. Note that the
population in |a〉 after the interaction with the continuum is given by
Ps = lim
ξ→∞
|ca(δ = 0, ξ)|
2 = |A(δ = 0)|2. (19)
Since ca(δ, ξ) is an analytic function of t = ξ − iδ in a stripe that encloses the line
Γ, one has (∂ca/∂δ) = −i(∂ca/∂ξ), which from Eq.(17) and taking the limit ξ →∞
yields (dA/dδ) = 0, i.e.
A(δ) = A(0). (20)
Therefore, to calculate the final population Ps we can integrate Eqs.(3) and (4) along
any arbitrary horizontal line Γ in the lower half complex plane, and in particular
by taking δ arbitrarily large. After elimination of c(δ, ω, t), from Eqs.(3) and (4) the
exact integro-differential equation for ca(δ, ξ) is readily obtained
∂ca
∂ξ
= −f(ξ − iδ)
∫ ξ
−∞
dθf(θ − iδ)Φ(ξ − θ)ca(δ, θ) (21)
where Φ(τ) is the memory function defined by Eq.(7). Note that Eq.(21) is analogous
to Eq.(6), but the solution is now computed along the line Γ. For a large value of
δ, f(ξ− iδ) becomes arbitrarily small together with its derivative with respect to ξ.
Hence for large δ we can replace Eq.(21) with the differential equation
∂ca
∂ξ
= −f2(ξ − iδ)(R − i∆)ca(δ, ξ). (22)
Note that, while Eq.(22) is only an approximate result at δ = 0 and corresponds
to the Markovian approximation discussed in Sec.II.B, it is an exact result in the
δ → ∞ limit, i.e. when Eqs.(3) and (4) are integrated in the complex plane along
the line Γ far below the real axis. Integration of Eq.(22) yields
ca(δ, ξ) = exp
{
−(R− i∆)
∫ ξ
−∞
dθf2(θ − iδ)
}
(23)
and thus
A(δ) = lim
ξ→∞
ca(δ, ξ) = 1 (24)
where we used the property ∫
∞
−∞
dθf2(θ − iδ) = 0 (25)
that follows from the application of the residue theorem. Therefore, after the in-
teraction ca(∞) = 1 as if the interaction with the continuum had not occured.
However, some excitation is generally left in the continuum after the interaction,
i.e. c(ω,∞) 6= 0 corresponding to an increase of the norm of the discrete-continuum
system after the interaction. In fact, the analyticity condition of c(ω, t = ξ − iδ)
yields (∂c/∂δ) = −i(∂c/∂ξ), and thus from Eq.(18) it follows that the amplitude
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B(δ, ω) is found to vary with δ as B(δ, ω) = B(0, ω) exp[(ω − ωa)δ] [compare with
Eq.(20)]. The excitation left in the continuum after the interaction can be thus com-
puted as B(0, ω) = limδ→∞B(δ, ω) exp[−(ω − ωa)δ]. Since B(δ, ω)→ 0 as δ → ∞,
one obtains B(0, ω) = 0 for ω ≥ ωa. However, for ω < ωa an indetermination form
0×∞ is found, so that a nonvanishing amplitude B(0, ω) can be found for the spec-
tral components ω < ωa of the continuum after the interaction. Such a result shows
that the continuum keeps memory of the interaction and a pseudo decoupling is
observed: while the interaction does not have any measurable effect on the discrete
state, it leaves some excitation into the continuum which was initially empty.
The above analysis suggests a rather general strategy of pseudo decoupling based
on non-Hermitian dynamics. For a decaying state |a〉 interacting with a continuum
via an Hermitian coupling described by a real function fR(t), an effective decay
suppression can be realized by adding a non-Hermitian coupling so as the interaction
is described by the complex function f(t) = fR(t)+ ifI(t), where fI(t) is the Hilbert
transform of fR(t).
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Fig. 3. (Color online) Pseudo decoupling of a discrete state |a〉 side-coupled to a semi-infinite
tight-binding lattice via a non-Hermitian interaction. (a) Temporal behavior of the coupling func-
tion f(t). The real and imaginary parts of f are related each other by a Hilbert transform. (b)
Numerically-computed behavior of the populations Ps(t) and Pc(t) of the discrete and continuum
states. Note that the total population (photon energy) Ps(t) + Pc(t) is not conserved owing to
non-Hermitian interaction. (c) Snapshot, on a pseudo color map, of the temporal evolution of the
occupation amplitudes |ca(t)|, |cn(t)|. The site n = 0 corresponds to the edge site |a〉. Parameter
values are given in the text.
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Fig. 4. (Color online) Same as Fig.3, but for a real coupling function f(t) (Hermitian coupling).
4. An example: tight-binding Fano-Anderson model with effective
non-Hermitian coupling
4.1. Non-Hermitian Fano-Anderson model
In this section we illustrate the concept of non-Hermitian pseudo decoupling by
considering a paradigmatic model of discrete-continuum interaction, namely the
Fano-Anderson model 94,95 realized in a tight-binding lattice. The Hermitian Fano-
Anderson model has been widely encountered and studied in different physical
contexts 96,97,98,99,100,101,102,103,104,105,106,107,108,109,110. In mesoscopic sys-
tems it describes, for example, the decay dynamics of a quantum dot coupled to a
quantum wire, whereas in optics it models the escape dynamics of light waves in
evanescently-coupled optical waveguide arrays or coupled optical resonators.
Let us consider the tight-binding lattice shown in Fig.1(b) in which an edge site |a〉
is coupled to a semi-infinite chain via a non-Hermitian and time-varying coupling
κ1f(t). A physical implementation of non-Hermitian coupling for a photonic struc-
ture will be discussed in the next subsection. The tight-binding Hamiltonian of the
system reads
Hˆ = ωa|a〉〈a| − κ
∞∑
n=1
(|n〉〈n+ 1|+ |n+ 1〉〈n|)
− κ1f(t) (|a〉〈1|+ |1〉〈a|) (26)
where κ is the hopping amplitude between adjacent sites |n〉 in the chain, ωa is the
energy offset of the edge site |a〉 from the center of the tight-binding lattice band
and f(t) is the complex coupling function. In the Bloch function basis |k〉, defined
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by
|k〉 = −
√
2
pi
∞∑
n=1
sin(nk)|n〉 (27)
the Hamiltonian (26) can be cast in the form 101
Hˆ = ωa|a〉〈a|+
∫ pi
0
dkω(k)|k〉〈k|
+
∫ pi
0
dkf(t)V (k) (|a〉〈k|+ |k〉〈a|) (28)
where we have set
ω(k) = −2κ cos(k) (29)
V (k) =
√
2
pi
κ1 sin(k) (30)
Note that, after setting |ω〉 = (dk/dω)1/2|k〉, the Hamiltonian (28) is of the form
(1) with the spectral coupling function v(ω) given by
v(ω) =
√
dk
dω
V (k(ω)) =
√
1
2pi
κ1
κ0
(4κ2 − ω2)1/4. (31)
If the state vector of the system is expanded on the basis of Wannier states |n〉, i.e.
after setting
|ψ(t)〉 = ca(t)|a〉+
∞∑
n=1
cn(t)|n〉 (32)
the evolution equations of the amplitudes ca and cn read
i
dca
dt
= ωaca − κ1f(t)c1 (33)
i
dc1
dt
= −κ1f(t)ca − κc2 (34)
i
dcn
dt
= −κ(cn+1 + cn−1) (n ≥ 2) (35)
We checked the possibility of pseudo decoupling for a wide class of complex functions
f(t), such as the class of meromorphic functions [Eq.(16)], by direct numerical
simulations of Eqs.(33-35). As an example, Fig.3 shows the numerically-computed
results obtained for a meromorphic function with a second-order pole, f(t) = 1/(κt−
t1)
2 [Fig.3(a)], for parameter values κ1/κ = 2, ωa/κ = 0 and t1 = 2i. Figure 3(b)
shows the numerically-computed behavior of the population Ps(t) = |〈a|ψ(t)〉|2 =
|ca(t)|2 at site |a〉 and of the population Pc(t) in the continuum (the other sites in the
chain), Pc(t) =
∑
∞
n=1 |cn(t)|
2. Note that, since the Hamiltonian in not Hermitian,
the total population Ps(t) + Pc(t) is not conserved and can even become larger
than its initial value owing to gain/loss in the system. Figure 3(c) shows on a
pseudocolor map the detailed evolution of the amplitudes in Wannier basis, i.e.
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|cn(t)| (n = 1, 2, 3, ...) and |ca(t)| (the site n = 0 in the figure). Figures 3(b) and
(c) clearly show that, after the interaction of the site |a〉 with the continuum at
around t = 0, the site |a〉 is not affected by the interaction, as if the interaction had
not occured. However, the continuum keeps memory of the interaction, since some
excitation in the continuum after the interaction is observed (clearly indicated by
the non-vanishing value of Pc(t) after the interaction). For comparison, Fig.4 shows
the numerical results of discrete-continuum interaction when the coupling function
f(t) is assumed to be real [we disregarded the imaginary part of the meromorphic
function f(t)]. In this case, corresponding to Hermitian interaction and conservation
of the full population Ps(t)+Pc(t) = 1, almost complete decay of the discrete state
into the continuum is clearly observed.
4.2. Physical implementation
A physical implementation of a non-Hermitian (complex) hopping rate between site
|a〉 and the tight-binding chain {|n〉} [Fig.1(b)] can be obtained by considering a
fast modulation of the site energy potential in |a〉 with complex (i.e. loss and gain)
values. The tight-binding chain with modulated term of the edge site |a〉 is described
by the Hamiltonian
Hˆ = [ωa +A(t) cos(Ωt)]|a〉〈a|
− κ
∞∑
n=1
(|n〉〈n+ 1|+ |n+ 1〉〈n|)
− κ1 (|a〉〈1|+ |1〉〈a|) (36)
where κ is the hopping amplitude between adjacent sites |n〉 in the chain, κ1 is
the (Hermitian) hopping rate between sites |a〉 and |1〉, ωa is the frequency detuning
of site |a〉, andA(t) is the slowly-varying complex amplitude of the rapidly oscillating
part of potential in |a〉 (oscillation frequency Ω). The tight-binding model (36) with
complex on-site oscillating potential can be realized, for example, by considering a
chain of coupled microring resonators, in which the oscillating complex potential
at the edge site is obtained by combined index and loss/gain modulation of the
boundary resonator 111,112,113,114,115,116. For a fast oscillation, Ω ≫ κ1, |ωa|,
the rapidly-oscillating term can be averaged after a gauge transformation 117, and
the Hamiltonian (36) can be replaced by the effective Hamiltonian (rotating-wave
approximation)
Hˆeff = ωa|a〉〈a| − κ
∞∑
n=1
(|n〉〈n+ 1|+ |n+ 1〉〈n|)
− κ1f(t) (|a〉〈1|+ |1〉〈a|) (37)
where we have set
f(t) = J0 (A(t)/Ω) (38)
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and J0 is the Bessel function of first kind and zero order. Note that, by taking
A(t) = Ω[A0 + δA(t)] (39)
with A0 ≃ 2.405 (first zero of Bessel J0 function) and δA(t) vanishing as t→ ±∞,
coherent destruction of tunneling 118,119,120, i.e. absence of interaction, is attained
at t→ ±∞. For small |δA(t)|, after Taylor expansion one can also write
f(t) ≃ J ′0(0)δA(t) ≃ −0.5191× δA(t) (40)
indicating that, by proper tailoring the slowly-varying amplitude A(t) of the fast
oscillation, one can implement an effective non-Hermitian hopping amplitude ac-
cording to Eq.(40). We checked the feasibility of the method by direct numerical
integration of the periodically-driven Hamiltonian (36) without the rotating-wave
approximation. Figure 5 shows an example of non-Hermitian pseudo decoupling for
parameter values ωa/κ = 0, κ1/κ = 2, Ω/κ = 8 and for a modulation envelope A(t)
defined by Eq.(39) with A0 = 2.33 and δA(t) = 3/(κt−5i)
2. The value of A0, which
slightly deviates from the first root of the Bessel J0 function, is chosen so that to
decouple the state |a〉 from the chain {|n〉} at t→ ±∞ via coherent destruction of
tunneling 117 a. The behavior of the population Ps(t) in the discrete state and of
the population in the continuum Pc(t), as predicted by the effective Hamiltonian
(37) under the rotating-wave approximation, is also shown for comparison by dashed
curves in Fig.5(b). The numerical results corresponding to an Hermitian coupling,
obtained by setting equal to zero the imaginary part of δA(t), are shown in Fig.6.
In this case after interaction with the continuum there is clearly a non-vanishing
probability of decay of state |a〉.
5. Conclusion
Controlling the dynamics of a discrete state coupled to a continuum is a subject of
major relevance in different areas of quantum and classical physics. In Hermitian
systems, several decoupling methods have been suggested, where decoupling results
in the suppression of transitions between the discrete state and the continuum. In
open quantum or classical systems, however, the discrete-continuum dynamics can
become non-unitary and described by an effective non-Hermitian Hamiltonian. For
example, in photonic transport in materials with optical gain and loss the total num-
ber of photons is not conserved, and the evanescent coupling of a localized mode
with a continuum of states can be engineered to realize a kind of non-Hermitian
interaction. In this work we have theoretically investigated the dynamics of a dis-
crete state coupled to a continuum of states via a time-dependent non-Hermitian
interaction and have disclosed a kind of pseudo dynamical decoupling, which does
aThe decoupling in the Hermitian case at the special amplitude A(t) = A0 corresponds to the
existence of a Floquet bound state in the continuum [S. Longhi and G. Della Valle, Sci. Rep. 3,
2219 (2013)].
September 4, 2018 13:39 WSPC/INSTRUCTION FILE BA
Non-Hermitian interaction of a discrete state with a continuum 15
not have any counterpart in Hermitian systems. For a given time-dependent Her-
mitian coupling fR(t), that would result in the decay of the discrete state into the
continuum, the addition of an imaginary (non-Hermitian) coupling fI(t), such that
fR(t) and fI(t) are related each other by a Hilbert transform, leaves the discrete
state in its initial condition, as if the interaction had not occurred. However, trace of
the interaction is kept in the continuum, with a non-vanishing excitation of the con-
tinuum after its interaction with the discrete state. The concept of non-Hermitian
pseudo decoupling has been exemplified by considering a non-Hermitian extension
of the Fano-Anderson model for photonic transport in a tight-binding lattice. Our
results provide novel insights into the non-Hermitian properties of a discrete state
coupled to a continuum of states and disclose important dynamical features with
no counterparts in ordinary Hermitian systems, such as the possibility to realize a
vanishing interaction time and pseudo decoupling of the discrete-continuum states.
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